Ab initio description of large amplitude motions in solid N2. III. Libron-phonon coupling by Briels, W.J. et al.
PDF hosted at the Radboud Repository of the Radboud University
Nijmegen
 
 
 
 
This full text is a publisher's version.
 
 
For additional information about this publication click this link.
http://hdl.handle.net/2066/16180
 
 
 
Please be advised that this information was generated on 2014-11-12 and may be subject to
change.
Ab initio description of large amplitude motions in solid N2. 
Libron-phonon coupling
W. J. Briels, A. P. J. Jansen, and A. van der Avoird
Institute o f  Theoretical Chemistry, University o f  Nijmegen, Toernooiveld, 6525 ED Nijmegen, The 
Netherlands
(Received 12 June 1984; accepted 28 June 1984)
A new lattice dynamics scheme is proposed for handling librons, anharmonic translational 
vibrations, and translational-rotational coupling in molecular crystals. This scheme is an 
extension of earlier libron models which describe large amplitude librations or hindered rotations. 
The formalism is based on expanding the intermolecular potential in the molecular displacement 
coordinates, including cubic and quartic terms, while retaining the exact orientational 
dependence. Closed expressions are obtained via spherical tensor methods. After constructing 
separate mean field states for the molecular rotations and translations, using bases of tesseral 
harmonics and 3D harmonic oscillator functions, respectively, the intermolecular correlations 
are taken into account and simultaneously the translational-rotational coupling, by solving the 
equations of motion for the crystal according to the time-dependent Hartree or random-phase 
approximation. Application of the formalism to the ordered a  and y  phases of solid nitrogen, 
using an ab initio potential, gave very satisfactory results.
I. INTRODUCTION
As explained in any textbook, the basic tool in solid 
state physics is the use of wave functions, or operators in the 
equations of motion method, which are adapted to the trans­
lational symmetry of the lattice. In the usual harmonic lat­
tice dynamics treatments' the adaptation to this symmetry is 
easy and the original problem reduces to a set of smaller 
problems, one for every wave vector q in the first Brillouin 
zone. If the symmetry adaptation is applied to only part of 
the problem, however, as in perturbational treatments of an­
harmonic effects, 1,2 multiple sums over the Brillouin zone 
will inevitably appear. These multiple summations in q space 
restrict the calculation of perturbation terms to a few of the 
lowest orders and, therefore, make the theory inapplicable to 
strongly anharmonic systems.
In papers I and II of this series,3,4 we describe a lattice
pling can lead to interesting phenomena such as ferroelastic 
phase transitions in KCN and s-triazine crystals.
In this paper we present a new formalism for the calcu­
lation of the coupled libron-phonon modes in molecular 
crystals. This formalism combines our previous treatment3,4 
of large amplitude librons with the explicit handling of the 
translational lattice modes. It is applied to solid nitrogen, 
again, using the anharmonic anisotropic ab initio potential. 13 
Since the translational phonons are fairly well described by 
the harmonic model already (and even better by the quasi­
harmonic self-consistent phonon model14), we required our 
formalism to be exact for harmonic lattice Hamiltonians. 
This implies, in the general case of translations and libra­
tions, that it includes at least the translational-rotational 
coupling which is naturally present in the harmonic model. 
Our formalism goes beyond the harmonic approximation, 
however, even for the translational phonons, by including all
dynamics theory for molecular crystals which avoids multi- terms
pie sums in q space, because the wave functions are adapted 
to the translational symmetry of the crystal only in the final 
stage. Thus, we were able to treat the librations in the or­
dered a  and y  phases of solid nitrogen and even the reorien­
tations of the molecules in the plastic/? phase, without mak­
ing any approximation to the strongly anharmonic potential.
Just as in all previous, semiempirical, libron treatments,5-8 
the molecular centers of mass in our calculations were as­
sumed to be fixed on the lattice sites. This assumption im­
plies the decoupling of the librons and the translational 
phonons. In principle, one could still take the latter into ac­
count by using a translationally averaged potential for the 
librations; in practice, this has not been done explicitly.
The coupling between librons and phonons, i.e., rota­
tional-translational coupling, is quite important, however.
All lattice modes are actually mixed, except those at high 
symmetry points in the Brillouin zone of crystals with specif­
ic space groups. For calculating thermodynamic properties, 
which involves summation over the complete Brillouin zone, 
all these mixed modes must be included. It has been shown in 
more empirical models9-12 that rotational-translational cou- will correctly tend to zero frequency for wave vector zero.
molecular displacements. The orientational dependence of 
the potential is represented exactly, as in papers I and II. The 
above requirements are met by the following scheme. First, 
we treat the anharmonic anisotropic lattice Hamiltonian, 
which depends on the translational and orientational coordi­
nates of the molecules, in a mean field calculation for the 
translations and reorientations of each molecule, separately. 
Then, we construct wave functions as products of mean field 
ground states and one excited mean field function, adapted 
to the translational symmetry. The coupling between these 
wave functions is handled within the time-dependent Har­
tree (TDH) or random-phase approximation (RPA).
For the harmonic approximation to the lattice Hamil­
tonian the mean field states are the ground and first excited 
harmonic oscillator states with frequencies determined by 
the self forces. It has been demonstrated15,16 that the T D H /  
RPA equation of motion is exact in this case. Moreover, it 
has been proved15,16 that the T D H /R P A  frequencies will be 
zero for uniform translations of the whole system, which 
implies in case of crystals that the acoustical phonon modes
4118 J. Chem. Phys. 81 (9), 1 November 1984 0021 -9606/84/214118-09$02.10 ©  1984 American Institute of Physics
Briels, Jansen, and van der Avoird: Large amplitude motions in solid N2. Ill 4119
This condition is not satisfied by the simpler forms of the 
equation of motion based on the Tamm-Dancoff approxi­
mation, 15 which have been used in lattice dynamics also.6
If we would separately couple the translational and/or 
rotational motions of the individual molecules, obtain solu­
tions adapted to the lattice symmetry, and then introduce 
translational-rotational coupling, we would still be hindered 
by the problem of multiple sums in q space mentioned at the 
start. Instead, we have chosen to couple all mean field trans­
lational and rotational excited states simultaneously by 
means of the T D H /R P A  scheme, applying the translational 
symmetry reduction directly to the full TDH problem.
II. THEORY
In part A of this section we consider the intermolecular 
potential and bring it into a form which is suitable for the 
subsequent treatment. In part B we deal with the transla- 
tional part of the problem, including the basis functions and 
the matrix elements. Finally, in part C we combine the re­
sults of subsection B with those of paper I, in order to de­
scribe the coupled rotational-translational motions.
A. The potential
As in our first paper, we associate each molecule in the 
crystal with a lattice point P = (n,z j ,  with position vector 
RP =  Rn +  r,, where Rn is the position vector of the origin 
of the unit cell n and r, the position of P relative to this origin 
(ƒ =  1 , 2 where Z  is the number of molecules per unit 
cell). The molecules are now supposed to oscillate and librate 
with their centers of mass remaining in the neighborhood of 
the points P; the position vectors of their mass centers rela­
tive to these points are denoted by uP . The orientations of the 
(linear) molecules with respect to a fixed lattice frame will be 
described by the polar angles i l P =  [6P, cpP j of their axes. 
The potential energy between two molecules associated with 
P and P respectively, can then be written as
<P (\jpp.j{2py{2p>) — ^  <Pi (Upp0 ^ lx
I
m m i
2 
m 2
I3
m
pp '
x c ^ \ ( n P) c ^ ( n M \ [ u PP.)
(Rp' +  Up-) — (RP +  Up) — Rpp- +  u
(1)
uHere, U
A  “ __
and Up P. is the unit vector along Up p.. The angular func­
tions C (^  are Racah spherical harmonics17 and the larger 
brackets denote a Wigner 3-j symbol; 1 =  {li,l2,l3} anc* m
=  [ml9m 2,m3}. The ab initio N 2- N 2 potential has actually 
been represented in this form . 13
The potential given by Eq. (1) depends on the transla­
tional degrees of freedom uP and uP. in a very intricate way. 
In order to make this dependence explicit, which is required 
for the subsequent theory, we expand the factors that con­
tain these variables in a Taylor series
<pt{uPM \ \ u PP.)
( — Up*V)a' (up.*V)a-
1
X(P\  ( R p p '  (R p p '  )•
a x\ a J
(2)
The simplest way to evaluate this expansion is by means of 
the so-called gradient formula17 in spherical tensor form:
UP-VF(RPP.)CM(RPP.) = up X  A lyk(RPP.)F(RPP.)
k
X [ C (,)(*}p ) ® C < M * p p O]£!, (3)
where A lk(R) is an operator defined by
A lk(R) dk,l -  1
1/2 d
+ 1
/ (2/ - 1)
2 / + 1  J \dR
' (ƒ+ 1)(2/ +  3) 11/2 
21+ 1
+ / + 1
R
d I
dR R
(4)
while the tensor product between curly brackets is given by
x  I \ m ,m i
I
m
I
2 
A
3
m
X C t\ (u P)C^[[RPP.)
Using Eq. (3) several times we can write Eq. (2) as
n(uPP-)c'£(uPP.) = x
k J
The angular independent factors are given by
(5)
(6)
\Rp P' >Up>Up’) 2
1 - U pP  (“ P 'P
a,!a , ,a 2 ^ 2
XJfVu(RPP-\a„a2)- (7)
So it is our task to calculate the coefficients
j W®(R p p . a lfa 2). We do this via the following recursion re­
lation:
JWV[RPP. | a „ a 2) {(C <*%,) ® C ^ \ u P. ) p ®  C ^ \ R PP.) |
u W"{R p p . (8)
and an analogous formula to raise the index a 2. Using the gradient formula and the expansion of a product of two spherical 
harmonics17 we find that the left-hand side of Eq. (8) is given by
u C^;\uP) C ^ \ u P. ) C ^ \ R PP.)(2k, +  1) £  ^ A k , k (RPP. y ' W ^ . kik.(RPP. \a va 2)
1 k \  k x
n .0 0 0
1 k ; *1
V n i n i
1
v n
k
n
k ; k
n i n
k \
n
I
m ( - 1)
v +  n\
(9)
The last sum in this expression can be evaluated using standard angular momentum techniques, 17,18 it is equal to
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FIG. 1. Recoupling scheme for expan 
sion of the potential [Eqs. (9) and (10)].
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The symbols between curly brackets are 6-j coefficients. In Fig. 1 we have given the graphical representation of this summa­
tion according to the conventions of Brink and Satchler.18 Introducing the last two results into Eq. (8) we find
p p . a ,  +  l , a 2) = ( — 1)k 2  +  k y  +  l y
1 k \ k x\  \ k x k
0 0 0 /  17 J 1 A k\ky (^pp')
a\ ,a2).
( 11)
In the same way a recursive relation raising the index a 2 by one unit can be derived. In the actual calculations it is most 
convenient to first raise one of the indices a x or a 2 to its final value, while keeping the other one equal to zero, and then to raise 
the second index. This greatly simplifies the recursive relations, because, e.g., when a 2 = 0, then k 2 = 0 and the first 6-j
coefficient in Eq. (11) becomes a simple square root; moreover ƒ  = k[  and j  = k x so that the sum over ƒ  in Eq. (11) contains 
only one term.
While the sums over k and j  in Eqs. (6) and (7) are bounded for given a x and a 2, the sums over the latter indices must, in 
principle, be extended to infinity. In testing our programs we have found that generally good results can be obtained with 
a x +  <22< a ma* =  4. Indeed, taking R PP. equal to the nearest neighbor distance in a -N 2, and uP and uP. as large as 8% of this 
value we found the exact value of the potential within 1%, when using a mSLX =  4.
Introducing Eqs. (6) and (7) into Eq. (1) we find with a slight change of notation:
0PP.(uP,nP;uP.,nP.)= x  («pricl.i’'(«P)C'''!(/2i,)jr/,i,/l!(/>,P')C'y(nP.)c%\uP.)(uP.)a\
A]tA2
which is in the required form. Here A , and A 2 are composite indices and
( 12)
x ^ S P , P ’) ( - i p  i
a , !  a 2!
I  \R
kytlyj
P P ' a „ a 2)( -  1)k l  -4- k 2  +  k y  -f- j
1)m3 +/x
I
m i
2 
m 2
I3
m 3
k x k
n i
2 
n2
J k
n
I3
m 3 C ^ [ R PP.) (13)
Construction of the crystal Hamiltonian is now 
straightfoward; the result is given below in Eq. (19). For con­
venience we do not separate the one and two particle terms in 
the potential, as we did in paper I. Of course this does not 
change the physics of our model, the only result being that 
the mean field energies are shifted by a constant, tempera­
ture dependent, amount.
(14b)
B. Translational motions
When we disregard the orientations of the molecules for 
the moment, we can write the crystal Hamiltonian as
I--------------------------------------------------------------------------------------------------------------------------------------------------
H =  X  r (u/>) +  (,4a)
p 2
P ^ P ’
T M =  -  ~ A M
2 M
0 PP.(uPluP.)=  y  (uPr c [ k:\u P] x ^ 2(p,p’)
X C % \ u P.)(uP. r .  ( 14c )
Here/I, is the composite index ). Treating this H a­
miltonian first within the mean field approximation, in other 
words approximating the crystal as a generalized Einstein
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crystal, we find that we must solve the coupled set of equa- of 3D harmonic oscillator functions19
tions
H ? f ( u , ) 7^(llp) -|- ^  ( 0 p p ' ( U p fUp ' ) )  p>
P'^P
T(up) + 0 ™ (u p), (15)
where ( X ) P. denotes the thermodynamic average of X  over 
the eigenstates of i / p  F(uP-). In order to solve these equa­
tions, just as in paper I, we impose the experimentally ob­
served symmetry on the solutions. As a result, H™F = H  p.F 
when RP/>. is equal to a primitive lattice vector, and other­
wise we can use
< C ' * V =  2  < C £ V > £ > , • ) > (16)
9 a  (u ,) =  A [2/uP ] 1 ''■2A n (A2u2P) S ^ ( ù P), (17a)
A ak(t) ƒ > + ! )
k  +  a  
k
-  1/2
-  t / 2 .  a / 2L i n  (17b)
Here L  “ ( t) denotes the Laguerre function and r  ( k ) the 
Gamma function; /<«, and / and n have the same parity. The 
angular functions S  „ are tesseral harmonics. The constant 
A is just a scaling constant, which in the case of an infinite 
basis has no influence. In practice, however, we restrict our­
selves to a finite basis and use A to optimize this 
basis. If H p F(uP) would have a purely harmonic spectrum, 
we should use^i =  [Mco) 1 / 2 , with co being the oscillator fre­
quency. We have therefore chosen A = {M(e(i) (O h )  1 / 2
where is the zth mean field energy. In some cases we have 
for some set of Euler angles [coP>). In our case, moreover, tested this choice by optimizing A and it turned out that A
i(up)a)p — ((up')a)p' for all P  and P ' .
We have solved the mean field equations (15) in a basis
J
did not appreciably change, nor did the physical results. 
Matrix elements in this basis are easily obtained using
1
4tt
co
d n u cw(fi)c!«(fl)c««(fi)
7, i2 i2
0 0
3 
0
/ 1
m j
o
u 2 d u  A  /-+<I/2) (u2\ — A + (u2\ u  a u  / i  (1/2)(n| _  /,)[u i / i  (i/2)(na -  i2) \u  )
m^in
1
2
( - 1)
a, + a2 r(a 1 + 1) / > 2 + l )
I2 
m 2
- T  [a j -\- b j -f 1) r  (a 2 b 2 1).
/3
m
1/2 m^nx
Ii = imin a
b
I a
2
I
(18a)
bo\ (c +  1
/
r ( c +  1);
ai =  £(«,■ -  /,), bi =  /, +  i, c =  *(/, +  l2 +  a  +  1), d = max(fl, +  bua2 +  b2) -  c,
d if c is half-integer and d > 0 
0 otherwise
/max min(tf 1}a 2) (18b)
Equation (18b) has been derived using the results of 
Tennyson and Sutcliffe20; the factor u2 in this equation ori­
ginates from the volume element in u space. Matrix elements 
of the kinetic energy operator are calculated most easily by 
writing — A (u) = A  2[ — A (y4u) + A 2u2] — A 4u2; the ma­
trix elements of the operator in square brackets, which is the 
harmonic oscillator Hamiltonian, are simply equal to 
Sn  5m m 6n „Jlrii +  3), while those of the remaining part 
can be calculated using Eq. (18b).
The final step is to construct correlated crystal states by 
using a restricted basis of mean field crystal states and solv­
ing the TD H  equations. These equations are completely 
analogous to those given in Secs. II C and II D of paper I, 
and will not be repeated here.
I
C. The coupled rotational-translational problem
The Hamiltonian for the coupled problem reads 
H =  V  {T(nP) + L ( n P)\
/J
p^p'
(19)
Here T  (tip) and L [i2P) represent the kinetic energy opera­
tors of the translational and the rotational motions, respec­
tively. The potential has been given in Eq. (12).
Now there are two possible ways to apply the mean field
approximation to this Hamiltonian, which correspond to 
writing the variational Hamiltonian H 0, to be used in the 
Gibbs-Bogoliubov inequality, in either one of the forms
H 0 =
P
H 0 = Z i H TP(Up) + H Lp{f2p)}.
(20a)
(20b)
The first possibility has the advantage of including the corre­
lation between the one-particle rotational and translational 
motions. From a practical point of view, however, it has the 
drawback of requiring a huge basis of product functions
^ ( u )  in order to yield reasonably converged 
mean field states. We therefore choose to write H0 as in Eq. 
(20b). Introducing this Hamiltonian into the Gibbs-Bogoliu­
bov inequality, and optimizing the free energy (see papers I 
and II) we find the mean field equations
^ ? ( u/>)— -^ '(u/>) “f- ^  (^/>/>'(Up,/2p;tip-,/2p'))p^
p ' ^ p
=  7 > o )  +  0 £ M , (21a)
H P(i2P) = L (ilP) +  £  (<PPP.(uP,f2P;uP.,f2P.))P‘■
P'^P
L ( n P) + 0 LP[nP). (21b)
Here ( X ) P. denotes the thermodynamic average of X  over 
the states of H P.{uP.) + H P.(i2f)  and over those of
H p (i lp). An analogous definition holds for (X  ) P In order
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to solve these coupled equations, we impose, in the usual 
way, the experimentally observed symmetry on the solutions 
and proceed iteratively. A useful test on the final solutions
follows from (<Pp(uP))Tp = {<P
Our final task is to calculate the fundamental excitation 
energies of the crystal. To this end we apply the TDH for­
L
p (nP))Lp.
malism as in paper I. The time dependent pertubation is now 
h(t) = ' lP[h p(up, t ) +  h Lp[£lp, t ) j and the perturbed density 
operator is written asZ) (/) =  IJPd £(u P,t )d P(f2P,t (.Perform­
ing exactly the same steps as in paper I, we find that the 
excitation energies are equal to the positive eigenvalues of 
the matrix
M K * Q : , a , 0 , M )  = 8 e , „ ■  ô , r S K i K ■ (#  -  4?’) -  (P[?  -  P {n  X e < v * " ( a KP 0 " < : T r Y K\(d Kp d KPf 0 PP.)\pKPa 'Kp:)
n
[P (g] — P 8k • K' ^  (&pP p | ( &PQ ) q \ p& p ) j with P
Q
( n,/ ] and P ' = [ 0,/' ). (22)
Here AT is equal to either T  or L, and Kc is the complement of AT; the same holds for K '. is the mean field translational energy 
of the state |a £ (u P)), which is an eigenstate o f #  £(uP); an analogous definition holds for e^ 1. Finally, P {g] = (a P\d P\aP) are 
occupation numbers corresponding with the mean field density operators d P. As in paper I, we omit the rows and columns for 
which =  £*ƒ1 and we order the mean field states according to whether > e ^ ] or e(£ ] < £*ƒ K If we assume that all mean field 
states are real, the matrix M has the simple structure
M(q)
T T B ^fq) - B rL(q) -  B ^ q ) - B r i (q)
B ^ (q ) f Azx _  (q) - B rL(q? - B “ (q)
B 7T(q) Br i (q) - A ^ + B ^ q ) B rL(q)
B rL(qr BLL(q) B r i (q)f -  ALL + BLL (q)
(23)
Here AK K ' is the diagonal matrix with elements
Sk,k * (¿k — ¿k ') and the matrices BA* (q) fol­
low from Eq. (22). We notice that the correlation which we 
lost by choosing Eq. (20b) instead of Eq. (20a) will partly be 
recovered by the last term in Eq. (22). This term couples the 
rotations and translations on the same molecule. The only B 
matrix in which this term appears is B rL(q). In the actual 
calculations we have restricted the mean field basis to the 
ground states, the lowest three excited levels, for the transla­
tions and two excited levels for the librations. These 
numbers correspond with the degrees of freedom. As a rè- 
sult, in Eq. (23), p  is always equal to zero, i.e., it represents 
the ground state, and a  is not. All calculations are performed 
for zero temperature, although the formalism holds for T> 0 
as well.
. CALCULATIONS AND RESULTS
The formalism described in the preceding section has 
been implemented in a computer program and applied to the
a, /?, and y  phases of solid nitrogen. The structure of these 
phases has been described in papers I and II, and we have 
used the same ab initio potential. 13 First, we have performed 
the mean field calculations for the molecular librations and 
translational vibrations, separately, by an iterative proce­
dure which alternately uses Eqs. (21a) and (21b). For the 
disordered¡3 phase we met the following problem: The delo­
calized mean field solution for the molecular reorientations 
which corresponds with the observed hexagonal lattice sym­
metry is not stable, i.e., it does not represent a minimum in 
the free energy (see paper II). The stable solution, which we 
have found also, corresponds with localized librations of the 
molecules around one of six equivalent axes which make an 
angle of 52° with the crystal c axis; for the two molecules in 
the hexagonal unit cell equilibrium axes are rotated over 180° 
about the c axis. Although we expect that the experimentally
observed lattice symmetry can be restored by allowing rapid 
jumps of the molecules between these six localized libra- 
tional solutions, the lower symmetry of the stable mean field 
solution makes it impossible to use our libron-phonon for­
malism as such. Indeed, we find that in the mean field of the 
“broken symmetry” librational solution, the mean field 
equilibrium positions of the molecules tend to shift away 
from the hexagonal lattice sites. Thus, the symmetry of the 
translational mean field solution becomes lower than the ex­
perimentally observed symmetry, as well. In order to cure 
this problem one would have to extend our formalism with a 
dynamical model for the symmetry-restoring molecular 
jumps.
For the ordered a  and y  phases we have not experienced 
such difficulties, however, and the stable mean field solu­
tions obtained correspond with the observed space groups of 
the lattices. We have even determined theoretically opti­
mized unit cell parameters in the following manner. For the 
a  phase, which exists in equilibrium with nitrogen vapor of 
very low pressure (practically p = 0), we have calculated the 
minimum of the Helmholtz free energy A, as a function of 
the cubic cell parameter a. The free energy is defined as in 
paper I, but now we have included the translational vibra­
tions as well. This yielded the optimum cell parameter
O _ . o
a = 5.699 A (experimentally a = 5.644 A) and the mean 
field lattice cohesion energy at T  = 0 K: AE  =  5.92 kJ/mol, 
including zero point motions (experimentally A E  =  6.92 k J /  
mol). For the y  phase which is stable above p = 4 kbar, we 
have calculated the free energy A for several values of the 
tetragonal cell parameters a and c, and fitted A (a,c) by a 
quadratic function. Each point (a,c) corresponds with molar 
volume v = Na2c/1  and on each curve of constant v we can 
determine the optimum a and c by minimizing A. Using 
these optimum points and the corresponding free energies 
we have calculated the pressurep = — dA /du. Thus we have 
found, at/? =  4 kbar, that a =  3.961 A, c = 5.104 A in very
J. Chem. Phys., Vol. 81, No. 9,1 November 1984
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O 1 o
good agreement with the experimental values a = 3.957 A, 
c =  5.109 Á.
Having calculated the ground and excited mean field 
states of a  and y  nitrogen, we have included the intermolecu- 
lar correlations as well as translational-rotational coupling, 
by determining the eigenvalues of the TD H  matrix M(q) [Eq. 
(23)]. In practice, we have solved the generalized Hermitean 
eigenvalue problem [paper I, Eq. (20)], which yields the 
squares of the TD H  frequencies. We have tested the conver­
gence of the frequencies with respect to the expansion length 
of the potential a max and the sizes of the bases used for the 
translational modes, nmax and for the librons /max. Charac­
teristic results are given in Tables I and II. For a max =  2 only 
those terms in the potential which are harmonic in the mo­
lecular displacements are included, for a max =  3 also all cu­
bic terms and for a max =  4 all quartic terms, as well, cf. Eq. 
(12). The orientational dependence of the potential as given 
by the spherical expansion [Eqs. (1) and (12)] is always fully 
taken into account. For some points in the Brillouin zone the 
effect of the cubic terms vanishes and the anharmonic quar­
tic corrections to the translational frequencies are due to the 
quartic terms only. This is related to the inversion symmetry 
of the crystal; it occurs at the same points, such as the JT point 
(see Table I), where the translational and librational modes 
are decoupled. In other points, such as the M  point, the cubic 
corrections are nonzero but they are smaller than the quartic 
corrections. This may suggest that even higher terms could 
be important. We believe, however, that this is not the case, 
since the potential is represented to 1% accuracy by the 
terms with a y +  a 2<4 for molecular displacements as large 
as 0.3 A. The actual rms displacements emerging from our
o
calculations are only about 0.1 A (see Table III).
The size of the anharmonic corrections to the transla­
tional frequencies is comparable, for a  and y  nitrogen, to the 
SCP corrections. 14 This is not undesirable since the SCP 
method appeared to work very well for the translational lat­
tice modes in solid nitrogen. 14 There is an important differ­
ence, however, between our formalism and the SCP meth­
od .22 The latter method neglects those terms in the potential
T A B L E  II. /max and nmax dependence of the free energy and the mean fieldo
excitation frequencies for a - N 2 (amax =  4, a =  5.699 A, T  =  0 K).
m^ax
(basis size L ) (basis size T )
A(kJ/mol) o)L(cm ') coT(cm *)
6(28) 3(20) -  5.8979 57.07 48.63
4(35) -  5.8980 57.07 48.63
5(56) -  5.8980 57.07 48.62
8(45) 3(20) -  5.9172 51.09 48.25
4(35) -  5.9172 51.10 48.26
5(56) - 5 . 9 1 7 2 51.10 48.24
10(66) 3(20) -  5.9188 50.22 48.20
4(35) - 5 . 9 1 8 8 50.22 48.20
5(56) -  5.9188 50.23 48.20
which depend on odd powers of the molecular displace­
ments, for any type of crystal and any point in the Brillouin 
zone. Our formalism includes the cubic terms, at those 
points where they do not vanish by symmetry. This is related 
to the occurrence of excited harmonic oscillator functions in 
the translational basis [Eq. (17)] with both even and odd n.
Table II illustrates that the excitation frequencies are 
quite well converged already for a translational basis with 
«max =  3. In our further calculations we have included all 
basis functions up to /zmax =  5, inclusive. The convergence of 
the librational frequencies is comparable with the pure li- 
bron calculations in paper I. In the final calculations we have 
used /max =  10 for a-N 2 and /max =  12 for 7 -N2, just as in 
paper I. We did not find any significant differences in the 
lattice frequencies between ortho-N 2 and para-N 2 solids, i.e., 
even / and odd / bases.
Table III lists the rms displacements of the molecules, 
as obtained from the mean field solutions and similar quanti­
ties for the angular oscillations. The amplitude of the mo­
tions in the y  phase are smaller than those in the a  phase. The 
librational amplitudes are considered in both phases even at 
T = 0 K ,  while it should be remembered that the mean field 
model still has the tendency to underestimate such ampli-
T A B L E  I. a ^  dependence of some T D H  lattice frequencies for a - N 2 
{a =  5.644 Á, 7 =  OK).
■^max
Frequencies ¿y(cm J) 
2 3 
(harmonic model)
4
r  (0 ,0 ,0 )
Eg 32.8 32.8 32.8O
T8 43.4 43.4 43.4
T8 71.6 71.6 71.5o
A u 42.3 42.3 50.6
Tu 48.7 48.7 52.7
E u 55.7 55.7 60.2
T* u 73.0 73.0 79.4
M  (7r/a,7r/a,0)
Ml 2 28.8 25.7 28.8
M n 40.4 38.5 41.5
M 12 52.2 51.7 53.3
m ¡2 60.0 61.2 63.7
m ¡2 67.0 68.6 72.0
T A B L E  III. Translational and librational amplitudes from mean field cal­
culations.
a - N 2 T = 0 K p  =  0
( u j ) 1/2 =  0 . 1 1 2  Á u \\ =  w( i. i .U
(u ; > 1/2 =  0.107 Á
<u: > 1/2 =  0.189 Á
arccos((cos2 8 ) l/2) =  16.1"
r - N 2 r = 0 K p  — 4 kbar
( u j ) 1/2 =  0.100 A U\\ =  «[1.1.0]
( ulob)'n  =  0.086 Á Ulab =  U[l, -  1.0]
( u l ) 1/2 =  0.087 A ULc =  W[0.0.1]
<u2) l/2 =  0.159 Á
arcos((cos2 # ) l/2) =  12.9°
asymmetry parameter (rotation out of o^-plane rotation in the ab plane:
(sin2 6 (sin2 <p — cos2 q>)) _  _ „
(sin2 6 )
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T A B L E  IV. Lattice frequencies in ar-N2 (in cm ') T — 0 K, p  =  0.
Experiment Semiempirical SCP TDH(libron) T D H T D H
(Ref. 24) harmonic (Ref. 27) (Ref. 14) (Ref. 3) (This work) (This work)
Librations
Translational
vibrations
Translational
vibrations
Librations
a( A)
r  (o,o,o)
12 
M |2
R  (7r /a ,n /a ,7 r /a )
R r
*27
R I
rms deviation of librational frequencies 
rms deviation of translational frequencies 
rms deviation of all lattice frequencies
5.644
32.3
36.3
59.7
46.8
48.4 
54.0
69.4
27.8
37.9
46.8
54.9
62.5
33.9 
34.7
68.6
43.6
47.2
5.644
37.5
47.7
75.2 
45.9
47.7
54.0
69.5
29.6
40.6
51.8
59.0
66.4
34.4
35.7
68.3
50.7
57.8
10.6
0.6
6.1
5.796
39.5
48.5
70.3
48.8
48.4
53.5
72.0
32.5 
43.3
54.0
58.5
64.9
34.2
35.9
71.0
52.7
55.7
9.7
1.6
6.0
5.644
30.7
41.0
68.5
47.9
51.0
5.2
5.644
32.8
43.4
71.5
50.6
52.7 
60.2
79.4
28.8
41.5
53.3
63.7
72.0
37.0
38.4
78.4
50.7
53.6
7.5
6.5 
6.7
5.699
31.0
41.0
68.0 
47.2 
48.8
55.6
73.1
27.6
39.1
50.2 
59.1 
66.5
34.4
35.8 
72.3
47.9 
50.8
5.0
2.1 
3.4
tudes, i.e., to overestimate the order parameters.23
The final frequencies from TDH calculations are given 
in Tables IV and V for different wave vectors q. The disper­
sion relations along some symmetry directions in the Bril- 
louin zone are displayed in Fig. 2. We have not tried to apply 
the equivalent of Raich’s libron theory6 to the translational 
modes since this model which is based on the Tamm-Dan- 
coff approximation, yields acoustical phonon branches 
which do not converge to zero frequency for q—►(). The TDH 
or RPA model does show the correct limiting behavior, in 
this respect, but only if it is applied exactly, 15 and we had to 
use a translational basis, which is not too small, in order to 
approach this limit.
The confrontation of these final results with the experi­
mental data24-26 is very satisfactory, especially if we remem­
ber that the ab initio potential has not been adapted in order 
to improve the agreement, in contrast with most semiempiri-
cal calculations. Particularly, the libron frequencies are sub­
stantially improved with respect to earlier harmonic and 
SCP calculations14 using the same ab initio potential and also 
with respect to semiempirical harmonic calculations.27 This 
was already achieved by our previous libron calculations,3 
but the present formalism yields the frequencies of the trans­
lational and mixed modes, also in good agreement with ex­
periment. The complete phonon dispersion curves in Fig. 2 
are very close to the curves obtained from inelastic neutron 
scattering. 24
IV. CONCLUSIONS
We have developed a formalism for quantitative lattice 
dynamics calculations on molecular crystals which is appli­
cable to strongly anharmonic systems. It does not start from 
the usual harmonic model. For the orientational oscillations
TA B L E V. Lattice frequencies in >'-N2 (in cm ') T  — 0 K, p =  4 kbar.
Experiment Semiempirical SCP 
(Refs. 25 and 26) harmonic (Ref. (27)(Ref. 14)
TDH(libron) 
(Ref. 3)
T D H
(This work)
T D H
(This work)
a(A)o 3.957 3.940 4.100 3.957 3.957 3.961
c(A) 5.109 5.086 5.188 5.109 5.109 5.104
r  (o,o,o)
( E*
55.0 50.5 56.5 63.8 67.5 67.6
Librations 98.1 74.8 85.2 99.6 104.2 103.3
2g 105.1 107.1 119.9 125.1 124.4
Translational \ E U 65.0 58.3 69.3 65.0 65.2
vibrations \ B Xu 103.1 107.4 115.8 114.9
rms deviation 14.2 7.9 6.3 8.0 7.9
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FIG. 2. Calculated (TDH) dispersion curves for a - N 2, for phonon-libron modes (a)—(c) propagating along the [001], [110], and [111] directions. The circles 
correspond with inelastic neutron scattering data measured at T =  15 K (Ref. 24).
of the molecules we do not even require small amplitudes; 
the model is appropriate for free or hindered molecular rota­
tions occurring in plastic phases. Only when the orienta­
tional disorder in such phases is associated with jumps of the 
molecules between different orientations, the formalism is 
not applicable as such.
The model has been applied to solid nitrogen, using an 
ab initio potential, with the results, lattice constants, and 
phonon-libron frequencies, in good agreement with experi­
ment. The observation that this agreement became system­
atically better with improvements of the lattice dynamics 
model indicates that the ab initio potential used should be 
fairly realistic.
Although the formalism is certainly more complicated 
than the standard harmonic model, computation times for 
crystals of linear molecules, using extensive lattice sums, are 
still modest on modem computers. This is promising in view 
of possible extension of our formalism to crystals of nonlin­
ear molecules. We can borrow several results from a recent 
dynamical model for van der Waals complexes comprising 
two nonlinear molecules.28 The spherical harmonics 
C^O'tp)  should be replaced by rotation functions 
D [lk]m (rp,0,(p ) both in the potential [Eq. (1)] and in the basis for 
the molecular reorientations. The matrix elements over such 
functions are hardly more complicated but the dimension of 
the summations will be extended.
The formalism requires the potential to be given in the 
form of a spherical expansion [Eq. (1)]. Most semiempirical 
potentials are not in this form, but often they are described 
by an atom-atom potential model. Such atom-atom or site- 
site potentials can be expanded in the form of Eq. (1) or its
generalization to nonlinear molecules,29,32 using closed ex­
pressions for the r ~ n terms30-32 and for the exp( — ar) 
terms.32
Finally, we observe that the T D H /R P A  formalism 
bases on mean-field states, which we have used for phonons 
and librons and their coupling, is similar to the spin-wave 
methods33-35 applied to magnons. We are trying to extend 
our model to the coupling between phonons, librons, and 
magnons in solid oxygen. Ab initio calculations of the struc­
ture dependence of the Heisenberg exchange coupling 
between oxygen molecules36,37 indicate that this coupling 
may have significant effects on several observed phenomena.
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